We study some algebraic properties of Toeplitz operators on the Dirichlet space. We first characterize (semi-)commuting Toeplitz operators with harmonic symbols. Next we study the product problem of when product of two Toeplitz operators is another Toeplitz operator. As an application, we show that the zero product of two Toeplitz operators with harmonic symbol has only a trivial solution. Also, the corresponding compact product problem is studied.
Introduction and results
We let D be the unit disk in the complex plane and dA denote the normalized area measure on D. The Sobolev space S is the completion of the space of smooth functions f on D for which f = Let Q be the orthogonal projection from S onto D. Using the explicit formula for R z , one can see that Q can be represented by the integral formula:
for functions ψ ∈ S. See [11] or [12] for details and related facts. Let
Given a function u ∈ Ω, the Toeplitz operator T u with symbol u is defined by
T u f = Q(uf )
for functions f ∈ D. Then, for u ∈ Ω, the Toeplitz operator T u is a bounded linear operator on D. See Proposition 1. In this paper we study some algebraic properties of Toeplitz operators on D. We first consider the characterizing problem of two symbols for which the corresponding Toeplitz operators commute on D. In [8] , Duistermatt and the author studied the same problem for Toeplitz operators acting on the larger Dirichlet space consisting of all holomorphic functions in S which has no restriction f (0) = 0 and obtained the characterization asserting that two Toeplitz operators with harmonic symbols commute if and only if either both symbols are all holomorphic or a nontrivial linear combination of the symbols is constant. Also, the corresponding problem for Toeplitz operators on the Hardy space or Bergman space has been well studied in [3, 5] and references therein.
We consider harmonic symbols and obtain Theorem A below. In contrast to the result [8] on the larger Dirichlet space mentioned above, our result shows that two Toeplitz operators with antiholomorphic symbol always commute on D. Theorem A will be restated, together with one more equivalent conditions, and proved in Theorem 5. As an application of Theorem A, we characterize semi-commuting Toeplitz operators with harmonic symbol. Next, we study the product problem of when product of two Toeplitz operators is another Toeplitz operator. On the Hardy space or Bergman space, the corresponding problem has been studied in [1, 2, 5] . We consider harmonic symbols and obtain Theorem C below.
Given a harmonic function u ∈ Ω, write u = f +ḡ for some functions f, g holomorphic on D. Since u ∈ Ω, we have f , g ∈ L ∞ . Hence f, g have the continuous extension to the closureD of D and so does u. We will use the same notation for a harmonic function u ∈ Ω and its continuous extension u onD.
Theorem C. Let u, v, τ ∈ Ω be harmonic functions. Then T u T v = T τ on D if and only if eitherū or v is holomorphic and τ = uv on ∂D, the boundary of D.
Given a function u ∈ L ∞ , we let T a u be the Toeplitz operator on the Bergman space of the unit disk. See Section 4 for definition. Recently Ahern [1] has proved that for harmonic symbols u, v and general bounded symbol τ , T a u T a v = T a τ if and only if eitherū or v is holomorphic and τ = uv on the whole D. In contrast to this result on the Bergman space, Theorem C shows that the product problem on D requires the condition τ = uv on the boundary ∂D. It turns out that this is caused by a different phenomenon on zero Toeplitz operators between the Bergman space and the Dirichlet space. See Proposition 9. In the proof of Theorem C, Theorem B will play a key role. As an application, we show that the zero product for two Toeplitz operators with harmonic symbol has only a trivial solution. See Corollary 10.
As a related problem, we next study the corresponding compact product problem of when T u T v − T τ is compact on D. The corresponding problem on the Bergman space was proved in [7] . We consider harmonic symbols u, v and general symbol τ ∈ Ω and obtain Theorem D below. In addition, if we impose a certain condition on τ in Theorem D, the result will be reduced to the boundary vanishing condition of τ − uv. See Corollary 15. As a special case of τ = uv in Theorem D, we see that two Toeplitz operators with harmonic symbol are always essentially (semi-)commuting. See Corollary 13. Another special case of u = v = 0 gives a simple characterization of compact Toeplitz operators in terms of the boundary vanishing property of the Berezin transform of the symbol. See Corollary 14. The corresponding characterization for Toeplitz operators on the Bergman space has been obtained in [4] .
Preliminaries
For f ∈ L p , we put
The Bergman space L 2 a is the closed subspace of L 2 consisting of all holomorphic functions. We let P be the orthogonal projection from L 2 onto L 2 a . The projection P is the well-known Bergman projection whose explicit formula is given by
for functions ψ ∈ L 2 . Here, the function K z is the Bergman kernel given by
Using the explicit formula (1) of Q, we have
for functions ψ ∈ S. We first prove that the Toeplitz operator T u is bounded whenever u ∈ Ω.
Proposition 1.
For u ∈ Ω, the Toeplitz operator T u is bounded on D.
Proof. Let f ∈ D. Note uf ∈ S and f 2 f = f 2 . By (2) and the L 2 -boundedness of P , we obtain
and hence
which gives the desired result. 2
For each a ∈ D, we put
Then, it is easy to verify that
It follows that
for every ψ ∈ S and a ∈ D. Also, we have the following reproducing property
for every holomorphic functions ψ ∈ L 1 . See Chapter 4 of [13] for details.
Proof. Let a ∈ D. Using the explicit formula (1) of Q, (3) and (5), one can see
It is easy to see that
for every f ∈ L ∞ holomorphic and u ∈ L 2 . See Lemma 10 in [9] for example. Using this, we prove an analogous property for Q.
Lemma 3. Let f ∈ Ω be holomorphic and u ∈ S. Then Q(f Q(u)) = Q(f u).
Proof. By (2) and (6), we see
Let c n = 1/ √ n and put e n (z) = c n z n for z ∈ D and n = 1, 2, . . . . Then the sequence {e n } forms an orthonormal basis for D. Let C be the diagonal matrix whose diagonal coefficients are given by c 1 , c 2 , . . . . Thus
As is well known, every bounded linear operator L on D has a matrix representation with respect to the orthonormal basis {e n } whose matrix coefficients are given by Le k , e j . The following proposition gives the explicit formula of the matrix for Toeplitz operators with harmonic symbol.
Proposition 4. Let u ∈ Ω be a harmonic function and write
for the power series expansion of u. Then the matrix of T u with respect to the orthonormal basis {e n } is given by CM u C −1 where
Proof. By straightforward computations, one can see that 
Commuting Toeplitz operators
In this section, we first prove Theorem A and then derive Theorem B as a consequence. In the proof of Theorem A, we use an idea in [5] where the same problem was studied on the Hardy space.
Theorem 5. Let u, v ∈ Ω be two harmonic functions and write
for series expansions of u and v, respectively. Then, the following statements are equivalent: 
By Proposition 4, the matrix coefficients p j,k of the matrix of M u M v are given by
Similarly, we also see that the matrix coefficients p j,k of the matrix of 
On the other hand, we note by (b) Proof. We may assume u(0) = 0 without loss of generality. First, suppose T u Tū = TūT u . Theorem 5 implies that either both u andū are holomorphic or a nontrivial linear combination of u andū is 0. The first case implies u is constant, so we are done. The latter case yields that u = αū for some constant α and hence u = |α| 2 u. It follows that either u = 0 or |α| = 1. If u = 0, then we are done. If |α| = 1, then √ᾱ u is real-valued. Hence u(D) is contained in a straight line. Now, suppose u(D) is contained in a straight line. Then there exists a constant α = 0 such that αu is real-valued. Hence, αu =ᾱū and then condition (iii) of (c) in Theorem 5 holds. So, T u and Tū commute, as desired. The proof is complete. 2
Products of Toeplitz operators
In this section, we prove Theorems C and D. Before proceeding these, we prove some preliminary results. For each a ∈ D, recall
Given a function ψ ∈ L 1 , the Berezin transformψ of ψ is defined bỹ
It is known thatψ = ψ for every harmonic functions ψ ∈ L 1 . Moreover, if ψ ∈ C(D), theñ ψ ∈ C(D) and ψ −ψ ∈ C 0 . See Chapter 6 of [13] for details. Also, given a function ψ ∈ L 2 , we note that
for every a ∈ D.
Lemma 7. e a converges weakly to 0 in D as |a| → 1.
Proof. Let f ∈ D. By (4) and (5), we have
f, e a = 1 − |a|
The above formula shows that if f is a polynomial in D, then f, e a → 0 as |a| → 1. Since the polynomials are dense in D, this implies that f, e a → 0 as |a| → 1 for all f ∈ D, which means that e a converges weakly to 0 in D as |a| → 1. The proof is complete. 2
Lemma 8. Given ψ ∈ L ∞ , there exists a constant C > 0 such that
sup a∈D P (ψe a )(a) C ψ ∞ .
Proof. By Lemma 4.2.2 of [13], we have
C := sup a∈D 1 − |a| 2 D 1 |1 − aw| 3 dA(w) < ∞.
It follows that

P (ψe a )(a)
On the Hardy and Bergman space, it is known that the symbol of a zero Toeplitz operator must be 0. But, our next observation shows that the same is not true on the Dirichlet space in general.
To be more precise, let us consider symbols which are finite sums of finite products of harmonic functions. Thus, such a symbol ϕ is of the form
where each u ij ∈ Ω is harmonic. Note that the symbol as in (10) has the continuous extension toD.
In the following, we use the notation
whenever the integral makes sense.
Proposition 9.
Let ϕ be the symbol as in (10) . The following are equivalent: (11) with Lemma 8, we havẽ ϕ ∈ C 0 and then (c) follows because ϕ is continuous onD. Now, assume (c) and show (a). Let f, g ∈ C(D) be holomorphic functions and {a j } and {b j } be the Taylor coefficients of f and g, respectively. By straightforward computations, we can see The proof of (b) ⇒ (c) of Proposition 9 shows that for any ϕ ∈ Ω, the compactness of T ϕ impliesφ ∈ C 0 . We will show the converse is also true. See Corollary 14. Now, we are ready to prove Theorem C. On the Bergman space, it is known that for functions u, v, τ ∈ L ∞ harmonic, T a u T a v = T a τ if and only if τ = uv and one of the following conditions hold; (i) both u and v are holomorphic, (ii) both u and v are antiholomorphic, (iii) u is constant, (iv) u is constant. See Corollary 1 of [2] . But, one cannot expect the same on the Dirichlet space. For example, considerū(z) = v(z) = z and τ = 1.
Proof. The implication (a) ⇒ (b) is trivial. Assume (b) and show (c). By (3), we note
Proof of
As an application of Theorem C, we show that the zero product of two Toeplitz operators with harmonic symbols has only a trivial solution. 
Note that u is harmonic if and only if u is annihilated by this invariant Laplacian. Thus, we will say that u ∈ C 2 (D) is boundary harmonic if Δu ∈ C 0 .
The following characterization will be useful in the proof of Theorem D.
Then the following statements are equivalent:
Proof. The equivalence of (a) and (b) is a consequence of Theorem 2 in [4] . The equivalence of (a) and (c) follows from Theorem 4.4 of [7] . 2
Since f 2 f for every f ∈ D, we see that the identity operator from D into L 2 a is bounded. Moreover, it is compact as shown in the following lemma.
Lemma 12. The identity operator from
Proof. This result is well known. It follows easily, for example, from noting that with respect to the standard bases the matrix of the identity operator from D to L 2 a is a diagonal matrix with entries tending to 0. 
Fix a ∈ D. By Lemma 2, we note that
It follows from (3) and (4) that
On the other hand, by (3) and (9), we can easily see
By the similar argument, we also have
Combining the above altogether, we have
where
for simplicity. On the other hand, we can also see
It follows that
Sk a , k a 2 = T e a , e a − 1 − |a|
Note Φ ∈ L ∞ . This follows from Lemma 8. Hence (1 − |a| 2 )Φ(a) → 0 as |a| → 1. It follows from (13) and (14) that < Sk a , k a > 2 → 0 as |a| → 1. Note that fk is boundary harmonic because f , k ∈ L ∞ . Now, by Lemma 11, we have τ − uv ∈ C 0 . To prove the converse, assume τ − uv ∈ C 0 . We note that fk is boundary harmonic and hence S is compact on L 2 a by Lemma 11. To prove compactness of T , we let {ϕ n } be any sequence converging weakly to 0 in D. Using Lemma 3 and (6), one can see that
Sϕ n = f P vϕ n + P ḡvϕ n − P τ ϕ n for each n. It follows from (2) that
Note T v ϕ n converges weakly to 0 in D. It follows from Lemma 12 that
Also, by the L 2 -boundedness of P and Lemma 12, we see
Combining the above with (15) and (16), we see
We remark in passing that the product property and compact product property cannot be the same generally. For example, take u(z) =v(z) = z and τ = 1. Then, by Theorem D, T u T v − T τ is compact. But, T u T v = T τ by Theorem C.
We close the paper with some immediate consequences which might be of some independent interest. First, by taking τ = uv in Theorem D, we see that two Toeplitz operators with harmonic symbol are always essentially (semi-)commuting on D.
Corollary 13. Let u, v ∈ Ω be harmonic functions. Then T u T v − T uv is compact on D. Moreover, T u T v − T v T u is compact on D.
Taking u = v = 0 in Theorem D, we have the following characterization of compact Toeplitz operators. The corresponding characterization for the Bergman space Toeplitz operators has been obtained in [4] . For z, w ∈ D, we let ϕ z (w) = (z − w)/(1 − wz) be the usual automorphism of D. The pseudohyperbolic distance ρ is defined by ρ(z, w) = |ϕ z (w)| for z, w ∈ D. We let A ⊂ L ∞ denote the algebra of functions that are uniformly continuous with respect to the pseudohyperbolic distance ρ. Note [6] that bounded harmonic functions are all contained in A. Also, for ψ ∈ A, it turns out that ψ ∈ C 0 if and only ifψ ∈ C 0 . See Corollary 4.5 of [7] . Hence, given u, v ∈ L ∞ harmonic and τ ∈ A, we have τ − uv ∈ C 0 if and only if τ − uv ∈ C 0 . So, the following is a consequence of Theorem D. Finally, the following shows that there is no nontrivial (essential) idempotent Toeplitz operator with harmonic symbol. 
